Bound states as nonperturbative systems are difficult to study and cannot be described by the summation of a few Feynman diagrams. In this paper, we give a new way to describe the bound states which can be connected with perturbative results. Using this method, we discuss the positronium (e + e − ) in Quantum Electrodynamics (QED) and mesons in Quatum Chromodynamics (QCD) separately. We find our results agree with the known ones.
I. INTRODUCTION
Bound states are important objects in quantum theory and have been widely studied in quantum field theory. Although we haven't solve the bound states problem, there are many methods that is aiming to solve it completely, e.g. Bethe-Salpeter equation [1] [2] [3] and Lattice QCD [4, 5] . In this paper, we give another method to discuss the bound states in quantum field theory. We first give a general framework of our method and then discuss the positronium (e + e − ) in QED and mesons in QCD separately. We end with the conclusions.
II. A GENERAL FRAMEWORK
In order to study the bound states, we define the integral of meromorphic function f [z] along a smooth contour C[a, b] in complex plane. The contour C[a, b] contain n poles of f [z] labeled by z i , i = 1, · · · , n. We suppose z i = a, b, for i = 1, · · · , n (see figure 1 ). Then the integral of f [z] along contour C[a, b] can be calculated as
dz is the directly calculation which depends only on the boundary value a and b. The n i is integer Z which * Email:liuchangyong@nwsuaf.edu.cn is coming from the contour circling n i times around the pole z i .
When we study the mesons in QCD, we find the other case that a or b is one of the poles of f [z] that is infrared divergence in quantum field theory. We can give a small mass µ to gauge field to regulate this divergence. There are many good book which discuss the infrared divergence [6, 7] . For recently progress on this topic, we can see the review paper [8] .
III. POSITRONIUM (e + e − ) SYSTEMS IN QED
To study the positronium (e + e − ) bound states, we review some results of QED which can be found in text book [9, 10] . We define iΠ µν (q) to be the sum of all 1particle-irreducible (1PI) insertions into the photon propagator. The Π µν (q) has the tensor structure:
The α contribution to iΠ µν (q) is iΠ µν 2 (q) = i(q 2 g µν − q µ q ν )Π 2 (q 2 ) which is the following electron loop:
Where the fine-structure constant is α = e 2 4π ≈ 1 137 . The excited spectrum is the pole of the two-point function, the exact photon two-point function is
The two-point function has ultraviolet divergences. To remove the divergences, we need renormalization. The renormalization method we choose is that we make the replacement
In this paper, we only consider the α contribution to iΠ µν (q) that is
Where we have defined the t = q 2 m 2 e . When t > 2, this is the two or more free particles states which give a branch cut. In this case, we have two poles that is
Using the formula (1), we obtain
Where n, m is integer Z. We consider the positronium (e + e − ) bound states which is t < 2. We have two methods to calculate the positronium (e + e − ) bound states.
The first one is that we use analytical continuation of (4) and make replacement α → c α (5) in the last term of (4). Where the constant c is c ≈ 2.00408 for positronium (e + e − ) bound states. We get the result
. We consider the long-lived bound states, so we set the n = m. The excited spectrum of positronium is the pole of two-point function that is solution of
Where the n is natural number N . The solution is consistent with the known result of positronium in high precision. The excited spectrum of positronium to order α 2 is [10]
To illustrate this, we compare the t − 2 of the solution of (6) with the result of (7) in Table I . To obtain the equation (6), we have make replacement of (5) which is the nonperturbative effect of bound states coming from sum of all Feynman diagrams. This is also a kind of electric -magnetic duality [11] [12] [13] .
There is another way to find the excited spectrum of positronium. The expression of (4) can be rewritten as
Where the Re is the real part function. The excited spectrum of positronium which is t < 2 is the solution of
We use analytical continuation of (8) and let the n = m. We have replaced α withα which can be decided by the ground state energy of (7) . We compare the t − 2 of the solution of (9) with the result of (7) in Table II . II -The t is the solution of (9) with α = −3.58039. Theα = −3.58039 is not satisfying. We can use another viewpoint. The excited states with quantum number n 1 and n 2 have the relation that is
From this, we obtain that the last relation does not depend on theα. If we know the t 1 , n 1 , we can get the value t 2 with quantum number n 2 .
IV. MESONS PROPERTY IN QCD
The calculation of mesons in QCD is the same as the positronium case which we use the first method (6) . The iΠ µa,νb 2 (q) have the following structure iΠ µa,νb
Here α g is α g = g 2 4π , n f is the number of fermion species, C(r) is C(r) = 1 2 for fundamental representaions N , and C 2 (G) is C 2 (G) = N for SU (N ). We give a small mass µ to gluon to regulate the infrared divergence. For convenient, we define new variables t and t
We emphasized that the mass m q is the free quark mass which is larger than the constituent quark in hadrons. The result (11) has ultraviolet divergences, we make the replacement and use the formula (1) . We obtain
Where k, l is integer Z. To discuss the excited spectrum of meson, we make the q 2 to be the range of 4µ 2 < q 2 < 4m 2 q . Then we obtain
Where m, n, k, l is integer Z. The Re is the real part function. As the same as the positronium, we also make replacement α g → c αg in the third term. The above expression is different with positronium with the imaginary part which can not be zero. Due to the imaginary part, the excited meson will decay quickly. We make n = m and k = l = 0 to make a slightly long lived resonances.
= 0. Where the n is natural number N . We give the picture (FIG. 3 and FIG. 4) From the FIG. 3 , we find the t 2 ∼ n which is consis-tent with the data [14] . This is also known as the Regge behavior [15] . 
V. CONCLUSION
In this paper, we give a new method to calculate the the excited spectrum of bound states in Quantum Field Theory. There is no bound states pole in one-loop Feynman diagrams of the two-point function in traditional method. We use the reasonable definition of integral of f [z] along contour C[a, b] (1) and analytical continuation. We find the bound states pole appear. We discuss the positronium (e + e − ) in QED and mesons in QCD separately. Our results agree with the known results. To obtain the equation (6), we have make replacement of (5) which is the nonperturbative effect of bound states coming from sum of all Feynman diagrams. This is also a kind electric -magnetic duality. For the results is consistent with the experimental data, we need to calculate the higher order loops. There are much related work need to do in the future.
